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ANALYSIS OF STRESS-STRAIN 
STATE (SSS) OF BILLET 
MATERIAL IN THE COURSE OF 
SETTING BY RESOURCE-SAVING 
METHOD OF ROLL STAMPING 

 
The processes of planting blanks by the rolling stamping 

method allow for the efficient production of a wide range of high-
quality products, but the possibility of material destruction during 
deformation prevents the expansion of their technological 
capabilities. Further development of the processes is possible 
through the development of new technological schemes based on 
the analysis of deformation kinematics and the appointment of 
favorable technological parameters, taking into account their 
influence on the stress-strain state and deformability of the 
material of the workpieces. In order to widely use the method of 
assessing the deformability of workpieces, a reliable technique is 
needed, which provides for the presence of a mathematical 
model of the trajectory of deformation of material particles in the 
coordinates "stress state indicator - accumulated plastic 
deformation before failure." The work uses an approach to finding 
an analytical representation of the deformation trajectory based 
on the construction of a differential equation between the 
components of plastic deformation increments, followed by the 
solution of this equation and the identification of its parameters 
based on experimental data. According to the results of the 
research, the deformation trajectories of the material particles of 
the peripheral surface of the flange when planting by rolling 
stamping method were schematically constructed in the 
coordinates "intensity of deformations - stress state indicator". 
Based on the built model, damage accumulation can be 
simulated by changing the values of the model parameters for 
different materials and deformation paths. An analytical 
representation of the deformation trajectory in a parametric form 
was obtained. The advantages of representing the deformation 
trajectory in the form of parametric equations are the 
convenience of analyzing these trajectories. The advantage of 
the model of the trajectory of deformation of material particles in 
the coordinates "stress state indicator - plastic strain accumulated 
before failure" is the absence of a material constant in the 
analytical expression for the stress state, and the consequence is 
additional convenience of analyzing ratios and selecting the value 
of the material constant based on experimental data. 

Key words: rolling stamping, flange landing, stress-strain 
state, mathematical model of the deformation trajectory.. 

  
Formulation of the problem. Information 

about the stress-strain state (SSS) of the 
workpiece material and the influence of various 
technological parameters on it is especially 
important when developing rolling stamping 
processes (RSP). On the basis of such 

information, it is possible to determine the force 
parameters of the process, evaluate the 
deformability of the material of the workpieces and 
the stability of the tooling, purposefully expand the 
technological capabilities of the process, and 
predict the service characteristics of the products 
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[1]. One of the most widespread RSP operations is 
planting, during which only part of the workpiece is 
deposited. It is possible to obtain complex profiled 
products with developed thin-walled elements with 
high precision by planting. At the same time, due 
to the achievement of significant deformations, 
there is a risk of destruction of the workpiece 
material due to its insufficient deformability [2, 3]. 
A variety of methods are used for the study of SSS 
in OMD processes: experimental, analytical, and 
simulation modeling. Combined experimental and 
computational methods have proven themselves 
to be the best in terms of accuracy and efficiency. 
All of the above determines the urgency of 
conducting a study of the SSS of the material of 
the blanks when planting by the RSP method. 

Analysis of Recent Research and 
Publications. Process flow diagrams of outer 
flange setting on pipe billets using conical roll are 
shown in fig. 1. As follows from research [2], the 

kinematics of billet material flow and, accordingly, 
the SSS of the material significantly depend on 
mutual location of the roll and the billet. From the 
viewpoint of destruction, flange’s external free side 
surface was the most dangerous one. Where the 
position of the roll top coincides with billet’s axis 
(Fig. 1a), the material flow occurs both towards the 
axis and in the centrifugal direction, which is the 
predominant one. In case of material flow limitation 
to the axis using an internal mandrel, the material 
will be squeezed between the roll and the mandrel. 
The form of such a billet is shown in fig. 2, a. As 
the roll top shifts in the direction of the contact 
spot, as shown in Fig. 1, b, the intensity of material 
flow from the billet axis increases. This 
displacement contributes to the centrifugal 
material flow and to departure of billet flange’s 
peripheral part from the contact with the roll, as 
can be seen in fig. 2, b.   

 
   а)      b)
 
Fig. 1. Process flow diagrams of billet’s outer flange setting using the rolling stamping method 

depending on the position of the roll top: a) without its displacement from the billet axis, b) with 
displacement in the direction of the contact spot. 

                       
 а)       b) 
Fig. 2. The view of billet flanges obtained by setting using RSP method according to the 

diagrams in fig. 1,a and 1,b – respectively  
Papers [2, 3] represent various studies of 

material’s SSS in the pipe billet’s flange area. Fig. 
3 shows the nature of stress intensity distribution 

constи   and strain intensity constи  , as 

obtained byhardness measurement method, with 
Fig. 4 showing deformation intensities, as obtained 
using the finite element method (FEM) and Fig. 5 

showing a fragment of the original grid on the pipe 
billet surface. 

In paper [4], the paths of strain of material 
particles of the flange’s free surface were obtained 
using the grids method within the coordinates of 
the stress state indicator – the deformation 
intensity. 
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Fig. 3. The nature of distribution 
within flange cross-section with 

ie const  (),
i const   () 

parameters 

Fig. 4. 
ie const  

distribution within flange 
section 

Fig. 5. Fragment of the original 
grid on the pipe billet surface 

 
Since process capabilities of the operation 

under research may significantly be limited due to 
formation of cracks on the side surface during 
RSP, the said processes should be developed 
together with generation and study of material 
deformability model for specified dangerous zones 
of the billets. 

One of the elements of billet material 
deformability model in plastic deformation 
processes is the mathematical model of material 
particles’ deformation trajectory in the coordinates 
of the “stress state indicator” – pre-failure 
accumulated plastic deformation” [5]. Studies have 
shown that the most effective approach would be 
to find an analytical representation of the 
deformation trajectory based on construction of a 
differential equation between the components of 
plastic deformation increments to be followed by 
solution of this equation and identification of its 
parameters based on experimental data. Of 
course, the effectiveness of this approach 
significantly depends on the degree of 
reasonableness of choice of the original differential 
equation. 

Research Purpose and Objectives. The 
purpose of this paper is to determine the stress 
state indicator using experimental-and-analytical 
method and to construct the deformation trajectory 
on the billet flange’s free surface in the course of 
setting operation using the rolling stamping 
method.  

Main Results of the Research. Let us 
consider the main elements of the analytical part 
of the said experimental-and-analytical approach 
[6, 7, 8]. Let's write down the relationship between 

axial  z  and circular   logarithmic 

deformations of the billet material’s macroparticle:   

z z ( )                              (1) 

Considered in [7, 8] is the side surface of a 
cylindrical sample under end compression, and the 
conditions for construction of this dependence in 
the form of a differential equation are formulated. 

Based on these results, we formulate the 
conditions for construction of a similar dependence 
describing the change in deformed state of the  

 
billet flange’s free surface in the course of setting 
operation using the RSP method:  

 The following structure of the 1st order 
nonlinear differential equation with 
separable variables is proposed: 

 z
z ( )

d

d





 


 ;                 (2) 

 it is believed that, at the initial moment of 
deformation, the material’s stressed state 
can be stiffer than uniaxial compression’s 
stressed state:  

 

   z 0 1 , 0 1
d

d





  


      ; (3) 

 it is also believed that, when the 
deformation rises to an arbitrarily large 
value, the material’s stressed state 4 
approaches to an uniaxial tension:  

 1
lim

2

zd

d





  ;     (4) 

 due to the phenomenon of gradual 
transition from of the side surface’s 
cylindrical shape to a barrel shape with the 

increase of circular deformation value  , 

in connection with barrel formation 
development on the side surface, the ratio 

of increments of axial 
z  and circular 

 deformations increases (with absolute 

value decreasing), that is: 

 
2

2
0

z

z

d
d

d d

d d



 



 

 

 
  
    ; (5) 

 the condition of the smallest 
possible number of parameters; 

 the condition of the differential 
equation’s integrability and low computational 
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complexity of solving the problem of limit 
deformations determination; 

 the structure of the differential 
equation should be such that its solution in the 
parametric form would have the following form: 

 
( );

( ).i

t

e m f t

 


 
              (6) 

It should be noted that, with 1  condition 
(3) becomes identical to the similar condition 
formulated by the authors of [7, 8] for the process 
of cylindrical sample’s end compression: 

  z 0 2
d

d








   .              (7) 

With further implementation of the flow 
theory, it will be shown that this condition 
corresponds to the stress state of uniaxial 
compression: 

  0 1     . (8) 

The last condition means that regardless 
of the friction conditions at the cylindrical sample’s 
ends at the initial stage of end compression, the 
material of the free side surface remains in a 
stressed state of uniform compression. 

As regards the RSP pattern, where the 
conical roll’s top can be displaced from the billet 
axis in the direction of the contact spot (Fig. 1, d), 
we would have a slightly different situation. This 
pattern makes it possible to obtain wide flanges, 
but already at the initial stages of rolling, the 
flange’s peripheral zone departs from contact with 
the roll, this forming quite a rigid stress state 
pattern on the free surface. Therefore, at the initial 
stage of the specified process already, the 
material’s more rigid stress state may occur in the 
dangerous zones, as compared to cylindrical 
samples’ end compression. 

Taking into account a number of 
formulated conditions, the following differential 
equation was constructed: 

 

 
2

z

2 2

3 1
2 , 0, 0 1

4 3

d m
m

d m 


 

 

 
           

 (9) 

Numerical values of ,m   parameters are 

normally determined based on the results of 
measurements of changes in the coordinate grid’s 
dimensions. Since this is related to appreciable 
scattering of such experimental data, it is 
necessary to first find the analytical form of 
dependence (1). In other words, we need to find a 
partial solution of the differential equation that 
would satisfy the following condition:  

  z 0 0    .         (10) 

We have an ordinary 1st order differential 
equation with separable variables (9). Let's 
separate the variables and integrate the both parts 
of the resulting equation: 

 
2

z 2 2

0

3 1
2 ,

4 3

m
d

m







  


 
         

 . (11) 

Having found the defined integral, we will 
finally obtain: 

 z

3 1
2

4 3
m arctg

m






  

  
         

  

.(12) 

Upon obtaining the analytical dependence 
for description of the change in the deformed 
state, we’ll proceed to determination of the stress 
state indicator and construction of the deformation 
trajectory on the billet flange’s free surface during 
the setting operation using the RSP method. 

The stress state in the billet’s dangerous 
part will be determined using the method detailed 
in [7, 8].  

According to the flow theory relations, we 
will get: 

 
2

3

i
ij ij

i

s d
d

s
e

e
= × × ,            (13) 

where ijs  are stress deviator components, 

 ij ijs s s= - ; (14) 

  is the first invariant of the stress tensor or the 
average stress: 

 
3

iis
s = ;                      (15) 

1 2 3, ,    are main stresses ijs , 

ijde being the components of stress tensors and 

increments of plastic deformations, respectively; 

i , ide  are stress intensities and strain 

increments, respectively;  

     
2 2 21

2
i z r r z                (16) 

( ) ( )
2 21

3
i r zd d d dje e e e= + × - ; (17) 

rd  is the increase in radial deformation.   

The increment in radial deformation 

rd
is determined from the condition of 

incompressibility: 

 z 0.rd d d             (18) 

It should be noted that in the context of the 
methodology used, the definition of the stress 
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state means the definition of the stress state 
indicator: 

 
z r

i

  




 
 .           (19) 

As can be seen from recent research 
papers [9], this indicator has been widely used not 
only in national literature [10], but also in the 
papers by researchers from far-abroad countries. 
In addition, it was shown that over the past 
decades, the number of papers in which this 
indicator is used to predict the destruction of 
materials under plastic deformation conditions has 
been steadily increasing. 

The key aspect of the ability to determine 
the stress state indicator on the free side surface 
is the fact that the radial stress component is equal 

to zero 0rs = . 

Proceeding from this condition, expression 
(16) for the stress intensity takes the following 
form: 

     
2 2 21

2
i z z           (20) 

Based on the flow theory, we get [7, 8]: 
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. (23) 

An important feature of the applied 
methodology for determination of the material’s 
stress-strained state is that numerical values of the 
average stress and stress intensity remain 
undefined. However, in order to assess billet 
material’s deformability, it would be sufficient to 
generate the mathematical model of deformations’ 
trajectory within “stress state indicator – 
accumulated plastic deformation” coordinates.  

Let's write down the expression for the stress state indicator based on (23) and taking into 
account (9):  

( )

( )

{ } [ ) [ ]
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2 2

2
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2 2
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3 2 1 4
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e

h e q

q
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æ öæ ö ÷×ç ÷ç ÷÷ç ç× - × + + ÷÷ç ç ÷÷ç ç + ÷÷ç ÷ç è øè ø
= Î ¥ Î

æ öæ ö ÷×ç ÷ç ÷÷ç ç+ - × + + ÷÷ç ç ÷÷ç ç + ÷÷ç ÷ç è øè ø

         (24) 

and analyze the obtained ratio. Since obtaining this ratio and its analysis are associated with elementary 
but rather cumbersome transformations, we will use the system of computer mathematics. 
 

In a separate case, with 0   the last relation is transformed into the following expression:    

 
( ) { } [ )
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e
h q e
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×
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+
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æ ö
÷ç ÷ç+ × ÷ç ÷ç + ÷çè ø

,                      (25) 

obtained by the authors of [7, 8]. At the initial 

moment of deformation at 0  , the following 

is obtained from this ratio:  

 ( )0, 0 1jh q e= = = - . (26) 

 On the basis of (24), with respect to the 
initial deformation moment of, we obtain the 
following condition: 

( )
( )

( )
[ ]

2

3 1
0 , 0,1

3 1
j

q
h e q

q q

× -
= = Î

- × -

   (27) 
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being the generalization of the previous condition 
in case of generation of a more rigid, as compared 
to uniaxial compression, stress state at the first 
stage of deformation – prior to the initially 
cylindrical sample’s acquiring a barrel-type shape. 
 It is believed that depending on the 
amount of displacement of conical roll’s top 
relative to the billet axis in the direction of the 
contact spot, the stress state of the free surface at 
the initial moment of deformation can not be stiffer 
compared to the shear stress state: 

 ( )0, 0 0jh q e= = = . (28) 

Fig. 6 shows the graphs giving an idea of 
the patterns of changes in the possible values of 
the stress state with the growth of plastic 

deformation depending on the parameters of the 
model generated. 

According to presentation (24), each 
particular deformation trajectory is determined by 

fixed values of q  and m  parameters. For the 

analytical presentation of the deformation 
trajectory, we still need to obtain the description of 
accumulated plastic deformation. 

As the basis, we will take the following 
relationship for accumulated deformation [7, 8]: 

     
2
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2 3
1

3

z z
ie

d d
d

d d



 

 

 
 

 

 
      

 


    (29) 

Taking into account (9), we get: 
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In fact, we obtained an analytical representation of the deformation trajectory in a parametric 

form with   parameter. Indeed, based on (24) and (30), we can write as follows: 
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          (31)

 

 

а) 
 

b) 
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c) 

 

d) 

Fig. 6. Stress state indicator  depending on parameters q  та m  at different stages of plastic 

deformation: calculation according to (24); je = a ) 0, b ) 0.25, c ) 0.6, d ) 0.85. 

 

The authors of [7, 8] use a parametric 
representation of the deformation trajectory with 
another  t parameter: 

  , 0,
2

m tg t t




 
   

 
.            (32) 

Let's transform the parametric 
representation taking into account the last 
substitution. When searching for the definite 
integral, one should take into account that: 

 
 2cos

m
d dt

t
   .  (33) 

After some transformations, we obtain: 
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.                (34) 

At the initial moment of deformation with 

0t  , the following emerges from this ratio:  
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 (35) 

that is, the deformation trajectory can originate at 
the points of the abscissa axis located to the right 

of point 1   .  

In a separate case, with 0  , relation 

(34) turns into the following expression:    
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, (36) 

which was obtained by the authors of [7, 8].  
Note that the last relation has only one 

material constant m , while generalized relation 

(34) has two material constants – q  and m . 

Another advantage of the last obtained relation is 
the absence of a material constant in the analytical 
expression for a stressed state of the deformation 
trajectory’s parametric representation. This entails 
an additional convenience of analyzing these 
ratios and selecting the material constant value on 
the basis of experimental data. In generalized 
relations (34), material constant m  is also absent 

in the analytical expression for the stress state 

indicator, but there remains material constant q . 
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These shortcomings represent a natural price for 
the possibility of building a more adequate model 
of change in the SSS of material macroparticle on 
the billet’s free surface in the course of the during 
roll stamping, provided that conical roll’s top is 
displaced from the billet axis in the direction of the 
contact spot.  

Fig. 7 shows the deformation trajectories 
constructed by us for different values of material 

constants q  and m . 

The advantages of representing the 
deformation trajectory in the form of parametric 
equations consist in the convenience of analyzing 

these trajectories. Yes, with the fixed value of 

constant qwe can determine the value of 

parameter t  corresponding to the intersection point 

of the ordinate axis deformation trajectory of the. 
Based on the first equation of system (34), let's 
write as follows:  

 

      24 2 1 3cos 0, 0,
2

t t t


 
 

       
 

.(37) 

 

 

а) 

 

 b)  

 

c) 

 

d) 

Fig. 7. Deformation trajectories ( )i ie e h=  –calculation according to (34):  

[ ]0;1q Î   

m =  а) 0.1, б) 0.5, в) 0.85, г) 2.0. 

Whence it follows:  
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2

arccos
3 2

t




 
  

   

                             (38) 

For example, with 0  , 0.9553166180t  . Based on the second equation of system 

(36), we determine as follows: 
 

 
 

 

0.9553166180

4

0

0.9553166180 1
3 2.206

cos

ie t
dt

m t


    ,       (39) 

From the last equality, it is easy to 
determine the ordinate (the amount of 
accumulated deformation) of the point of 
intersection between the deformation trajectory 
and the ordinate axis, and in particular: 
 

   

   

0, 0.2 0.44; 0, 0.7 1.54;

0, 1.2 2.65; 0, 1.8 3.97

i i

i i

e m e m

e m e m

 

 

     

     

(40) 

 
Conclusions. The problems of analyzing 

the stress-strain state of the material particles in 
the peripheral zone of the outer flange of the pipe 
billet during planting by the SSS method are 
considered. An analytical representation of the 
deformation trajectory is applied based on the 
construction of a differential equation between the 
components of plastic deformation increments, 
followed by the solution of this equation and the 
identification of its parameters based on 
experimental data. An analytical representation of 
the deformation trajectory in a parametric form 
was obtained, the advantage of which is the 
convenience of analyzing these trajectories. The 
advantage of the developed model of the trajectory 
of the deformation of the material particles of the 
peripheral zone of the flange when planting by the 
SSS method in the coordinates "stress state 
indicator - accumulated plastic deformation until 
failure" is the absence of a material constant in the 
analytical expression for the stress state, and the 
consequence is additional convenience of 
analyzing ratios and selecting the value of the 
material constant based on experimental data. 

According to the given methodology, the 
dependences of the stress state indicator on the 
influence parameters at different stages of plastic 
deformation and the trajectory of the deformation 
of the material particles of the peripheral zone of 
the flange during planting by the SSS method are 
constructed. 
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АНАЛІЗ СТАНУ НАПРУГИ ТА ДЕФОРМАЦІЇ 
МАТЕРІАЛУ ЗАГОТОВКИ ПРИ ПОСАДЦІ 
РЕСУРСОЗБЕРІГАЮЧИМ МЕТОДОМ 
ШТАМПУВАННЯ ПРОКАТОМ 

 
Процеси посадки заготовок методом 

прокатного штампування дозволяють 
ефективно виробляти широкий асортимент 
високоякісної продукції, але можливість 
руйнування матеріалу при деформації 
перешкоджає розширенню їх технологічних 
можливостей. Подальший розвиток процесів 
можливий шляхом розробки нових 
технологічних схем на основі аналізу 
кінематики деформації та призначення 
сприятливих технологічних параметрів з 
урахуванням їх впливу на напружено-
деформований стан та деформованість 
матеріалу заготовок. З метою широкого 
використання методу оцінки деформованості 
заготовок необхідна надійна техніка, яка 
передбачає наявність математичної моделі 
траєкторії деформації частинок матеріалу в 
координатах «індикатор напруженого стану - 

накопичена пластична деформація перед 
відмовою». У роботі використано підхід до 
знаходження аналітичного представлення 
траєкторії деформації на основі побудови 
диференціального рівняння між компонентами 
приростів пластичної деформації з подальшим 
розв'язанням цього рівняння та 
ідентифікацією його параметрів на основі 
експериментальних даних. За результатами 
досліджень, траєкторії деформації частинок 
матеріалу периферійної поверхні фланця при 
посадці методом прокатного штампування 
схематично будувалися в координатах 
«інтенсивність деформацій - індикатор 
напруженого стану». На основі побудованої 
моделі накопичення пошкоджень можна 
моделювати шляхом зміни значень 
параметрів моделі для різних матеріалів і 
шляхів деформації. Отримано аналітичне 
представлення траєкторії деформації в 
параметричному вигляді. Перевагами 
представлення траєкторії деформації у 
вигляді параметричних рівнянь є зручність 
аналізу цих траєкторій. Перевага моделі 
траєкторії деформації частинок матеріалу в 
координатах «індикатор напруженого стану - 
пластичний штам, накопичений до відмови» - 
це відсутність матеріальної константи в 
аналітичному виразі для напруженого стану, а 
наслідком є додаткова зручність аналізу 
співвідношень і вибору значення матеріальної 
константи на основі експериментальних 
даних. 

Ключові слова: кочувальне 
штампування, фланцева посадка, напружено-
деформаційний стан, математична модель 
траєкторії деформації. 
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